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ylycondensation and gelation of trifunctional monomers

A. Lauwerier

JSTRACT

The mathematical model of the polycondensation of trifunctional mono
'rs is considered in great detail. The analysis follows the method of th
merating function as proposed by Pis'men and Kuchanov. However, more
plicit and more complete results are obtained which give a better under
anding of the peculiarities of the mathematical model. There is no so-
1led gel-point at which a gel is formed almost instantaneously, but the
:1-point rather starts a period of infinite duration during which the ge
built up from the free polymers. Explicit expressions are given both f
e initial phase and for the phase of gel formation. Solutions for the
fferent periods are connected in a continuous way. If the kinetic equa-
ons are perturbed by a small perturbation parameter there is a single

lution for all values of time.

)Y WORDS & PHRASES: Polycondensation, gelation, cel-point, cenerating
function technique, explicit solutions, verturbation

method.

This paper is not for review; it is meant for publication elsewhere.







‘TRODUCTION

In this paper the mathematical model of the polycondensation of monomers
th three identical functional groups is studied in great detail. The anal-
iis follows closely the method of the generating function as proposed by
'S'MEN & KUCHANOV in their paper (1971). However, the results obtained
.re seem to indicate that some conclusions as regards the mathematical
\del are erroneous or at least incomplete. In fact, the solution of the
)del breaks up into two distinct expressions. The first expression holds
)r the period up to the gel-point. The second expression relates to the
‘haviour of the free polymers in the period after the gel-point. The model
lows that the ideas of FLORY about that period were correct. It turns out
\at after the gel-point the distribution function of the free polymers does
)t change in form and that all concentrations decrease at the same rate in
wour to the gel component. This means that on the basis of the mathematical
ydel there is a certain instant, the gel-point, at which gel formation
-arts.and a subsequent period of infinite durating during which the gel is
1ilt up gradually until all free components are consumed. The analysis
jows that the second solution, that relating to the post-gelation period,

;s closely connected to the first solution for the initial pre-gelation
sriod. Both solutions can be combined to a single analytical solution by a
imple perturbation procedure. .

The outline of this paper is as follows. In the first section we dis-
1ss the set of kinetic equations (1.1). This model may be seen as the trans-
>rt of mass from lower to higher polymers with an ever increasing speed,
ince the reaction rate is proportional to the number of free functional
coups of each reacting molecule. This means a rapid broadening of the con-
sntration distribution function Cn(t), where n is the number of reacting
coups. It is shown that at a certain instant t*, the so-called gel-point,
1e second moment (1.5) becomes infinite. For t < t* the set of kinetic
juations (1.1) is closed and can be shown to be consistent with the conser-
stion law that the total reacting mass should be a constant. For this ini-
ial period simple explicit expressions for the zeroth moment uo(t) and the
Lrst moment ul(t) can be derived in an elementary way. However, this deriva-

ion depends essentially on the convergence of the second moment. This means




that for t > t a different procedure should be adopted.

In the second section the method of the generating function is used to
obtain an explicit solution without using any previous knowledge about the
first moment. The solution is of the same form in both the initial period
£t <t as the period of gel formation t > t”. However, the solution still
contains u](t) as a unknown function.

In the third section the first moment is determined by using the ex-
plicit form of the generating function obtained in the preceding section.
It turns out that u](t) is determined by a differential equation degener-

ating into two distinct factors. Thus different expressions are obtained

for ul(t) in the different phases t N t*. We find t* = 1 and
u, (t) = 1 for t < 1
1 t+1 -2
u,(t) = 1 for t =21,
1 3t-1

fhe time behaviour of the concentration of the polymer with k reacting
sroups (k> 2) is explicitly given by (2.23) for t < 1 and by (3.14) for
:2 1, For t 2 1 the conservation law is violated. This means that a gel is

‘ormed, the amount of which is measured by the apparent mass defect

-1
G—?t—_-l— for t > 1.

Figure 1.




n figure 1 the first three moments uo(t), u](t) and uz(t) are sketched. We

ote that there is only a rather slight discontinuity in the derivative at

‘he gel-point t = 1.
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Figure 2.

‘n figure 2 the first four concentrations C3(t), Ca(t), CS(t) and C6(t) are
iketched.

The set of kinetic reaction equations (1.}!) is in a sense a degenerate
;ystem which exhibits the development of a singularity in the course of
‘ime. In the fourth section it is shown that all singularities are removed
.f in the kinetic equations a small positive perturbation parameter e is
ntroduced. Thus we consider the system (4.1) which as a mathematical ideal-
.zation is almost as good or bad as the unperturbed set (1.1). The solution
f the perturbed system is of the same form as that of the unperturbed sys-—
:em, but it still contains the first moment ul(t) as a unknown function to
ve determined afterwards. The differential equation from which ul(t) can be
lerived does not degenerate here and there exists a single solution for all
ralues of time. It is shown that for € -+ O the solution of the perturbed

system approaches that of the original system.




uo(e) M u](E) Ho u2(€)

0 3.00| 3.00 1.00 1.00 | 0.33 0.33
0.2 4.00| 4.01 1.20 1.20 | 0.34 0.35
0.4 5.25 5.26 1.40 1.41 0.32 0.33
0.6 6.86 6.86 1.60 1.62 0.27 0.28
0.8 9.00! 8.96 1.80 1.83 | 0.16 0.19
1.0} 12.00] 11.80 2.00 | 2.07 0 0.05

| 1.5]21.00| 20.66 | 3.50 | 3.48 | O 0.02
2.0 | 30.00| 29.58 | 5.00 | 4.98 | O 0.02
2.5 (39.00| 38.49 | 6.50 | 6.48 | 0 0.03
3.0 | 48.00| 47.40 | 8.00 | 7.98 | © 0.04

Table 1.

tble 1 we have compared the numerical values of the first three moments
le perturbed system with € = 0.01 to those of the original system.
erturbed system (4.1) does not imply a conservation law. If e is very
, during the initial pﬁase t << I material is lost in an almost imper-
ble way, but in the phase of gel formation t >> 1 the situation is as
e unperturbed case. The system (4.1) may be interpreted as describing
ions during which some part of the material is continuously removed

r artificially or for the construction of a polymer with an infinity
nctional groups, i.e., the gel.

The author wants to stress that the global properties of the model
dered here are not restricted to the case of trifunctional monomers,

1 fact are quite general. The general case and other applications will

1sidered in reports of the Amsterdam Mathematical Centre.




. THE KINETIC EQUATIONS

We consider the polycondensation of trifunctional

n the following example.

AN

.et the symbol Cn denote the concentration of a polyme
‘unctional units. Then the reaction scheme for irrever

:ion 1s of the form

c, + C2 -> C

k k+2-2 °

fhe corresponding kinetic equations with respect to a s

ire for n =2 3

dc_ |
(1.1) — = - oy (enC_+ 5 ) kaC

C, »
dt K+ 9on+2 k2

vhere ul(t) is the first moment
(1.2) uy(£) = JkC (£)
[he initial condition 1is

(1.3) C3 = 1/3, Cn =0 n >4, for t = 0.




We shall also use the zeroth moment
(1.4) no(t) = Jc, (¢,
which measures the total number of polymer chains and the second moment
(1.5) w,(£) = Jk%C, (t)
: 2 k ?

which measures in a sense the average molecular weight.,
The total number of building units of type C3 is given by

(1.6) Z(k—2)ck =y, - 2u

1 0°

This should be a constant during the process of polycondensation. However,
this conservation law does not follow automatically from the kinetic equa-
tions (1.1). Summation of the equations (1.1) with respect to n gives
without difficulties

du
0 _ _ 1.2
(]-7) T“ 2111-

But, the next step raises some objections. If the n-th equation is multi-

blied by n then summation gives in view of n = k+2-2,

2
= — l — = — —
T Hiby * 2 ) (k+g 2)keC, C, Mg+ Gupuy =)

k, 2

[t is tempting to write

(=9

u
, 12
1.8) a0 T Mo

out this is only true as far as uz(t) < o, since otherwise the summation
)rocess would diverge.

With the initial condition (1.3) the last equation gives at once

‘ _ 1
1.9) u](t) = T -




‘hen from (1.7) we obtain the solution

. 2-t
1.10) uo(t) = "6—(t+—]) °
'he conservation law My 2u0 = 1 1is true, but the res

:rue since then Ho becomes negative in course of time.
It some time the second moment indeed becomes infinite
'1.9) does not hold any longer. Therefore, in the next

lent derivation of ul(t) is given.

!. THE METHOD OF THE GENERATING FUNCTION

Following the method explained in the paper cited

‘he generating function
, k
2.1) g(x,t) = XCk(t)x .

[f the n-th equation of (1.1) is multiplied by x" then

2
' og _ _ 98 , 1[38
2.2) t HpEax Toaax)
[t is to be expected that the summations do converge f
y(x,t) is a regular analytic function of x for all val
x| < 1.

The moments of the polymer distribution can be wr

[ np(e) = g(1,16) ,
(2.3) $ () =g (1,6) ,
L uy(e) = g (1,8) + g (1,8).

[o the partial differential equation (2.2) we have to

lition

.10) cannot be
suggests that
hat the result

on an indepen-—

, we introduce

tion gives

< 1 and that

t provided

as

le initial con-




(2.4) g(x,0) = 1 3.

w

The equation (2.2) can be simplified by introducing the aux:

function
t

(2.5) o(t) = exp - f u](r)dT,
0

and new independent variables u,v determined by

t
(2.6) u=o(t)x, v-= J 0% (1)dr.
0

Then (2.2) passes into
(2g)
\Gu) >

with the initial condition

og -
(2.7) v

Nl

wl—

(2.8) g u for v = 0.
Attention is drawn to the fact that no explicit use is made of th
ul(t) and that the problem (2.7), (2.8) can be solved without any

about u](t). On the contrary; ul(t) can be determined from g(u,v)
_ [(3g)
(2,9) U](t) O'\au/ _ .
u=g

The right-hand side of (2.9) also contains M, as an unknown funct
the actual determination of M requires still some extra work.
The solution of (2.7) and (2.8) is standard matter. The set

teristic equations of (2.7) is given by

(2.10) _=_=_=_=d_q,
P

where p = 8y and q g, Integration gives

(2.11) p=A, q=B, u+Av=0C, g+Bv =D,




here A, B, C and D are constants of integration.

2.8) requires

2.12) D

wl—

hen for all values of v the solution of (2.7) ar

2.13) g(u,v) = % C” - ivC,
ogether with

2
2.14) u+vC™ = C.

t is not difficult to eliminate the parameter C
rom (2.14) C can be solved as a two-valued funct

n mind that for v > 0 C remains finite, we shotu

1 =V1-4uv

2.15) Cc = 55

hen for g we obtain eventually

14 buv- 6uZvZ 4 (1= buv) 2
2.16) g(u,v) = el u'v3 uv
12v
r
2.17) g(u,v) = % u3 1F](g 3 4 ;4uv) R
aere
w (a)
k k
2.}8) ]F](a;b;Z) = z W z
k=0 k

ith the notation

v
-

J (a)k = a(a+l) ... (a+k-1), k

2.19)
1 (a)o -

|
—
.

initial condition

3) is determined by

:2.13) and (2.14).
! u and v, but keeping

te the single root




During the initial phase of polycondensation the first moment is given

l.9). Then from (2.5) and (2.6) we obtain

_ 1 _t
) o(t) = = v(t) = =1 °
1at
) buv = ——EEETT'
(t+1)

1 the function 4uv increases monotonously from O to 1 in the inter-
)<t <1. At t = 1 the second derivative of g(u,v) with respect to t
les infinite so that also the second moment becomes infinite at that
int.

Thus the solution (2.16) with (2.20) and (2.21) does only hold for

. < 1. A simple calculation shows that in addition to (1.9) and (1.10)

.econd moment is given by

) Hy(t) =

(@)
IA
t

< 1.

The individual concentrations follow from (2.16), (2.17) and (2.18)

Dy [ 4 B3
k! (1+0)3 1(]+t)2j

) C . (t) =

k-3
k
ecreases afterwards. This means that at the so-called gelation point

fixed value of k this function increases monotonously in 0 < t <

all concentrations are past their maximum. This could mean a violation
e conservation law of units, but the obvious interpretation is that

t = 1 the system ceases to behave as a closed system. After t = 1
r leaves the system or, in other words, is transported to infinity.
sense this means the formation of a molecule C, with an infinity of

, i.e., a gel. The size of the gel is measured by the defect of the
rvation law.

1

) G = 3" ul(t) + 2p0(t), t >1,
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. THE GELATION PHASE

The first moment u](t) is determined by (2.9) and (2.16). It is,
>wever, simpler to to start amew from (2.11) and (2.12) and keeping C as

1 independent parameter by way of time scale. Thus we start from the set

*

|
Q
(@]
-

My o=
3.1)

O'+VC2

I
(@]

(fferentiation of the second equation with respect to the time gives
}.2) &+ 9C? - (1-2vC)C = 0.

it, since from (2.5) and (2.6)

3.3) o = - Mo and Vv =0 ,

1e latter equation reduces to

) (1 -2vC)C = 0.

're we obtain the surprising result that the solution breaks up into two

.stinct parts. There is the general solution
1. 5) C = constant,

id the singular solution

1.6) 2vC = 1.

The first solution corresponds to the initial period of polycondensa-

on during which Hy < . Then the solution is given by (1.9) as

.7 o(t) = u () = > v(B) = 1




The second solution corresponds to the subsequent phase of gel forma-

t > 1. Then we find from (3.1)
ZC’ 2V ] 2 °

correct time scale follows from (3.3) which gives

Q-
]
|
Mol
a
]

hat , with the initial condition

C(l) = 20(1) =1,
ave
-1/3
) c(t) = (%t— -;-)

titution into (3.8) gives for the first moment

1

0) Ul(t)=§:—:]—, t >1.
his and
O DU A U B AL
222 - 2 ’ 22~ 2)
full solution (2.17) is given by
.1 3.4 %)
S Rt = L CETEE) S
3 —l+-§-x—§x2+(1—x)3/2
3) " g(x,t) = T , t > 1.

rather surprising result is obtained that the distribution function
not change with time and that all concentrations are simultaneously

2asing with the time factor (3t —l)-]. Explicitly for k =2 3




13

(2)
k-2 1 .
3.]4) Ck(t) = —Tm, t >1.

he zeroth moment uo(t) follows from (3.13) as

1

3.15) uo(t) = 50Gt=D)

t =1,

hen, according to (2.24), the formation-of the gel is given

_t-1
3.16) G =57 > t > 1.

+. A MODEL WITH A SMALL PERTURBATION

If the system (l.1) of kinetic equations is replaced by

dcC
1
(4.1) —2 - -y (t)nC_ + ¥ kac, C
\ b
dt 1 n  2(l+e) Kt g2 k2

shere € is a very small positive quantity, a model of polyco tion is
btained which differs only very little from the model studi far.
jowever, we shall soon see that this model does not have the lar behav-
lour exhibited by the previous model. It turns out that by t roduction
>f the very small perturbation parameter ¢ the two distinct ons, one
‘or the initial phase and one for the phase of gel formation glued
:ogether in a continuous manner. Of course for e > 0 the sol of the
nodel (4.1) passes into the pair of solutions of the previou 1.

Again we use the generating function (2.1). Then (4.1) ivalent
0
[42) ..a_g_=—ux.§§+ ] E&Z.

’ ot 17 3x  2(1+e)\3x
lext we introduce the auxiliary variables o(t) as defined by and
t

(4.3) u = o(t)x v = . 02(T)d1
Ve ’ 1+e )

0
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Then (4.2) passes into the partial differential equation (2.7) to which the
initial condition (2.8) may be added. This means that the final results
(2.16) and (2.17) do apply also here. The only problem is that u](t) and
o(t) are still to be determined. It is easily seen that the system (3.1)
applies equally here and the same is true for (3.2). However, instead of

(3.3) we have

O2
(4.4) 6 =-uo and v = T
Then substitution gives

(4.5) (1+e) (1-2vC) ¢ + eo?c? = 0.

If this equation is combined with the second equation of (4.4) we find a

linear differential equation

2 dv

(4.6) EC E

-2vC+1=0,

which can be solved in an elementary way. With the initial condition

wy=o=1, v=0, C-=1 for t = 0,
we obtain

(4.7) v =

Vext from (3.1) we have

. (1+e)C-+C2+2/€

(4.8) e

Ul = C o.

fhe time scale follows from (3.1) and (4.4) by integration of

4.9) §=-00C".




'his gives

1
4.10) t=J do_ |
o

hich determines the dependance of C from t. Then by (4.7) and (4.8) also
he time behaviour of g, v, ¥y is fixed.
For the zeroth moment Ho and the second moment Mo the following simple

xpressions can be derived

iy _ (+20)c3 +3ctAe

. Mo 6(2+¢) ’
4.,12) = + 2(2+€)GZC

: o I €+2C1+27€ :

For € - 0 we may expect that

C(t,e) » 1 for 0 <t <1,
4.13) NS
C(t,e)-*(zt—z) for t > 1.
or a very small value say € = 0.01 numerical integration of (4.10) shows
hat C(t,e) is very close to these limits (see Table 2). In fact from (4.5)
nd (4.7) it follows that C(t,e) decreases monotonously. From (4.7), (4.8)
nd (4.9) it can be derived that in the beginning phase of polycondensation

<< 1 C(t,e) can be approximated by

1 -t)2¢
4,14) C ~ Tt , 0 <t <<,

ut later on in the gelation phase t >> 1 we have the behaviour
-1/3
4.15) C w~ f3<ﬁ—§>(t—c)} , £ >> 1,

here ¢ is a constant.
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t C C(e)
0 1.00 1.00
0.2 1.00 1.00
0.4 1.00 1.00
0.6 1.00 0.99
0.8 1.00 0.99
1.0 1.00 0.98
1.5 0.83 0.83
2.0 0.74 0.74
2.5 0.68 0.67
3.0 0.63 0.63
Table 2.
1 f interest to see what remains of the conservation law (1.6).
We fir
_ 13
(4.16) o 2u0 =3 c.
This s ‘hat the system (4.1) is always open and that at all times
materi removed from the system which no longer will take part in the
reacti eme. In the initial phase t < 1 this happens in an almost
imperc e way. Later on the removal is as in the unperturbed case ¢ =0.
But he re is a gradual change in the rate of removal at the critical
time t
T ression (4.12) shows that the second moment remains finite.
More p ly we always have
(4.17) <3+ 4

2 €




The full solution (2.16), (2.17
is given by (4.7) and uv = ovx is de

>erturbed model the argument 4ov doe

2
€

(4.18) bov > 1 - —
(2+¢)

lhis means that all moments of the c

remain finite at all times.
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